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Abstract Surface energy and size phenomenon can play
significant roles in physical performance of nano-electro-
mechanical systems. Herein, the static and dynamic pull-in
behavior of nano-tweezers and nano-switch fabricated from
conductive cylindrical nano-wires is studied. The Gurtin–
Murdoch surface elasticity in combination with the couple
stress theory is employed to incorporate the coupled effects
of surface energy and microstructure dependency (size phe-
nomenon). Using Green–Lagrange strain, the higher-order
surface stress components are incorporated in the nonlinear
governing equation. The effect of gas damping is considered
in the model as well as structural damping. The govern-
ing equation is solved using the reduced order method. The
effects of various parameters on the static and dynamic pull-
in parameters, phase plans and stability threshold of the
nano-structures are demonstrated.
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List of symbols
E Young’s modulus of the nano-wire
ν Poisson ratio of the nano-wire
μ = E/2(1 + ν) Shear modulus of the nano-wire
l Material length scale parameter
δ Size effect non-dimensional
parameter
E0 Surface elastic modulus
e0 Surface elastic modulus
non-dimensional parameter
τ0 Surface residual stress
t0 Surface residual stress
non-dimensional parameter
cs Structural damping coefficient
c f Gas damping coefficient
μf Flow viscosity
γ = 0.5572 Euler’s constant
Kn Knudsen number
St Stokes number
R Radius of the nano-wire
L Length of the nano-wire
D Initial gap
felec Electrical force
V Applied voltage
ε = 8.854 × 10−12 Permittivity of vacuum
C2 N−1 m−2
β Applied voltage non-dimensional
parameter
fvdW van der Waals force
A¯ = (0.4−4) × 10−19 Hamaker constant
η Van der Waals force
non-dimensional parameter
W Nano-wire deflection
t Time
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1 Introduction
With recent advances in nano-fabrication, nano-wires have
attractedmany attentions in developing nano-electromechan-
ical systems (NEMS). Nano-wire-fabricated nano-tweezers
and nano-switches are of the most promising miniature
systems that are promising for bio-engineering, medicine,
electronics, nanoscale fabrications, sensing, mass-detecting,
etc. A typical NEMS switch consists of a cantilever nano-
wire suspended over a rigid conductive plane via a dielectric
spacer in between. By applying DC potential difference, the
nano-wire deflects toward the ground electrode until, at a crit-
ical voltage, it adheres the ground (pull-in). Typical NEMS
tweezers are composed of two parallel nano-wire electrodes
(arms) with a distance in between. By imposing electrostatic
potential between the nano-wires, thewire tipsmove together
andhence canmanipulate ultra-small objects. It has beenwell
recognized that determining the pull-in threshold is very cru-
cial for designing credible switch and tweezers [1–6].
Nanoscale structural elements exhibit large surface area to
volume ratio. Hence, the crucial influences of surface energy
[7,8] on the behavior of the nano-structures might be con-
siderable. While molecular dynamic simulation might be
used for incorporating the surface layer in nano-elements,
this approach is time-consuming and hence cannot eas-
ily be applied for modeling systems with large number of
atoms. A continuum theory has been developed by Gurtin
and Murdoch [9] to model the surface energy in miniature
structures [7,8]. This theory is widely employed to simulate
the impact of surface layer on mechanical behavior of nano-
beams [10–12]. Recently, some researchers have studied the
instability of NEMS incorporating the surface layer [12–17].
Fu and Zhang [12] have applied Gurtin–Murdoch elasticity
to demonstrate the impact of surface energy on the stabil-
ity of electromechanical bridges. Shaat and Mohamed [17]
have investigated the static response of electromechanical
microbeams incorporating the size phenomena and surface
energy.
It has been well established that at the nanoscale separa-
tions (typically less than few nanometers) the presence of van
der Waals (vdW) force substantially affects the pull-in insta-
bility of NEMS. Previous scientists have studied the effect of
vdW force on adhesion and pull-in characteristics of ultra-
small systems [4,18,19]. Wang et al. [19] investigated the
effect of nanotube characteristics on the stability behavior
under vdW force. The static instability of carbon nanotube
nano-tweezers under the vdW attraction has been investi-
gated in Refs. [20,21].
Beside the surface energy and vdW force, the effect of
microstructure, i.e., size dependency of material character-
istics at small scale, is another crucial issue that might be
necessary to be considered in modeling NEMS. Experi-
ments show a hardening trend in the elastic resistance of
the materials such as conductive metals and nano-wires as
the dimensions become comparable to the internal material
length scale [22,23]. The classical continuum theory is not
able to model the physical aspects of microstructure depen-
dency of elastic constants at small scales. In this regards,
the non-classical continuums such as non-local theory [24],
couple stress theory (CST) [25], strain gradient [22] and
modified couple stress elasticity [26] have been developed
to investigate the size dependency of miniature structures.
The CST can developed by imposing some restrictions on
the micropolar theory which reduces the number of length
scale parameters [27].While othermicrostructure-dependent
theories have been applied by many researchers to investi-
gate miniature structures, less works have been conducted on
modeling the ultra-small structures using the CST. Anthoine
[28] studied bending of cylinders using the CST. The vibra-
tion of miniature beam based on the CST was studied in Ref.
[29]. Fathalilou et al. employed the CST to investigate the
microstructure-dependent bifurcation of an electromechani-
cal system [30].
In the present study, the authors demonstrate the cou-
pled influences of the microstructure and surface layer on
the static and dynamic pull-in of NEMS fabricated from
cylindrical nano-wire and operated in van der Waals regime.
The CST in conjunction with Gurtin–Murdoch surface elas-
ticity is applied to obtain the constitutive equations of
cylinder–cylinder (for nano-tweezers) and cylinder–plate
(for nano-switch) geometries. Using Green–Lagrange strain,
the higher-order surface stress components are incorporated
in the governing equation. NEMS structures are often sub-
jected to the pressure of the gas flowed between the structure
and the substrate. Hence, the gas flow damping is considered
in the developed model. Analytical reduced order method
(ROM) is applied to solve the governing equation.
2 Theoretical Model
Figure 1 depicts the schematics of ultra-small structures
fabricated from nano-wire. Figure 1a presents typical nano-
tweezers made of cantilever parallel conductive nano-wires.
A typical NEMS switch fabricated form nano-wire is pre-
sented in Fig. 1b. The initial gap, length and the radius of the
nano-wires are D, L and R, respectively.
2.1 Microstructure-Dependent CST
In the CST, the strain energy depends on the rotation gradient
as well as the strain. The rotation tensor (ω) is explained as:
ωi j = 1
2
(ui, j − u j,i ) = −ω j i (1)
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Fig. 1 a The schematic
representation of nano-tweezers,
b the schematic representation
of nano-switch, c the schematics
of the surface layer
The rotation vector (θ) is defined as:
θi = 1
2
ei jkuk, j (2)
where eijk is the permutation symbol. By eliminating the
displacement u in Eqs. (1) and (2), we have:
ωi j = ei jkθk (3a)
θi = 1
2
ei jkω jk (3b)
The gradient of rotation (κ) is defined as:
κi j = θ j,i = 1
2
e jklωkl,i (4)
Substituting Eq. (3) in Eq. (4), one can obtain:
κi j = 1
2
e jklul,ki (5)
The bulk strain energy density (u˜ B) based on CST can be
expressed as [29,32]:
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u˜ B = 1
2
λεi jεi j + μεi jεi j + 2ηκi jκi j + 2η′κi jκi j , (6)
where the nonlinear Green–Lagrangian strain tensor (εij) is
defined as follows:
εi j = 1
2
(ui, j + ui, j + uk,i uk, j ), (7)
In Eq. (6), λ and μ are Lame constants and shear modulus
of the classical elasticity, whereas the moduli η and η′ intro-
duce the couple stress effects. Using Eq. (6), one can find the
following relations:
σi j = ∂ u˜
∂εi j
= λεmmδi j + 2μεi j , (8a)
mi j = ∂ u˜
∂κi j
= 4ηκi j + 4η′κ j i (8b)
where σij is the classical stress tensor (symmetric) and mij is
the couple stress tensor (deviatoric).
For an Euler beam, the displacement field is expressed as
[33]
ux (x, y, z, t) = −z ∂w(x, t)
∂x
,
uy(x, y, z, t) = 0, uz(x, y, z, t) = w(x, t). (9)
Using Eq. (9), one obtains:
εxx = −z ∂
2w(x, t)
∂x2
+ 1
2
(
z
∂2w(x, t)
∂x2
)
+ 1
2
(
∂w(x, t)
∂x
)2
,
εyy = εzz = εxy = εyz = εzx = 0, (10)
σxx = E
(
−z ∂
2w (x, t)
∂x2
+ 1
2
z
∂2w(x, t)
∂x2
+ 1
2
(
∂w(x, t)
∂x
)2)
,
σyy = σzz = σxy = σyz = σzx = 0, (11)
κxy = −∂
2w(x, t)
∂x2
, κxx = κyy = κzz = κyz = κzy = κzx
= κxz = κyx = 0 (12)
mxy = −4η ∂
2w(x, t)
∂x2
, myx = −4η′ ∂
2W (x, t)
∂x2
,
mxx = myy = mzz = myz = mzy = mzx = mxz = 0 (13)
where E is the Young’s modulus. Substituting Eqs. (10–13)
in Eq. (6), the strain energy of bulk can be defined as:
UB = 1
2
∫ L
0
∫
A
⎧⎨
⎩E
[
−z ∂
2w
∂x2
+ 1
2
(
−z ∂
2w
∂x2
)2
+ 1
2
(
∂w
∂x
)2]2
+ 4η
(
∂2w
∂x2
)2}
dAdx
= 1
2
∫ L
0
{
(EI + 4ηA)
(
∂2w
∂x2
)2
+ 1
4
EI∗
(
∂2w
∂x2
)4
+ 1
4
EA
(
∂w
∂x
)4
+ 1
2
EI
(
∂2w
∂x2
∂w
∂x
)2}
dx (14)
In the above equation, A and I are area and moment of
inertia of cross section, respectively. As shown, the strain
energy does not depend on η′ According to a previous inves-
tigation [32], the material constant η can be redefined as:
η = μl2 (15)
2.2 Strain Energy in the Surface Layer
According Gurtin–Murdoch elasticity [13], the in-plane
components of the surface stress tensor are given by
τi j = μ0
(
ui, j + u j,i
) + (λ0 + τ0) uk,kδi j + τ0 (δi j − u j,i ) ,
(16)
where μ0 and λ0 are the surface elastic constants, and τ0 is
the residual surface stress and the out-of-plane components
of the surface stress tensor are given by [9]
τni = τ0
(
un,i
)
. (17)
By substituting relation (6) in Eqs. (16) and (17), one
obtains
τxx = τ0 + E0
(
−Z ∂
2w(x, t)
∂x2
+ 1
2
(
−z ∂
2w(x, t)
∂x2
)2
+ 1
2
(
∂w(x, t)
∂x
)2)
, (18a)
τnx = τ0 ∂un(x, y, z)
∂x
, (18b)
where E0 = λ+2μ0 is the surface elastic. The strain energy
in the surface layer is written as
Us = 1
2
∫ L
0
∮
∂ A
(τijεij + τni un,i )dsdx (19)
By substituting Eq. (8) and (17) in Eq. (18), the surface
energy is determined as:
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US = 1
2
∫ L
0
∮
∂ A
⎧⎪⎪⎨
⎪⎪⎩
τ0
(
−z ∂2w
∂x2
+ 12
(
−z ∂2w
∂x2
)2 + 12 ( ∂w∂x )2
)
+ τ0n2Z
(
∂w
∂x
)2
+E0
(
−z ∂2w
∂x2
+ 12
(
−z ∂2w
∂x2
)2 + 12 ( ∂w∂x )2
)2
⎫⎪⎪⎬
⎪⎪⎭
dsdx
= 1
2
∫ L
0
⎧⎪⎨
⎪⎩
1
2τ0C0
(
∂w
∂x
)2 + 12τ0 I0
(
∂2w
∂x2
)2 + τ0S0 ( ∂w∂x )2 + E0 I0
(
∂2w
∂x2
)2 + 14 E0 I ∗0
(
∂2w
∂x2
)4
+ 14 E0S0
(
∂w
∂x
)4 + 12 E0 I0
(
∂2w
∂x2
∂w
∂x
)2
⎫⎪⎬
⎪⎭dx (20)
where
I ∗ =
∫
A
z4dA, C0 =
∫
S
ds, S0 =
∫
S
n2zds,
I0 =
∫
S
z2ds, I ∗0 =
∫
S
z4ds (21)
2.3 Work of External Force
Considering the distribution of fext(x, t), the work by the
external forces is explained as:
Wext =
∫ L
0
∫ w
0
fext(x, t)dwdx . (22)
In Eq. (22), the forces per unit length of the beam, fext(x, t),
can be determined by the summation of vdW force with the
electrostatic interaction.
2.3.1 Electrostatic Attraction
The nano-wires are considered as perfect cylindrical conduc-
tors. To determine the Coulomb force, the capacitance model
is employed, which is described in two following sections.
Nano-switch
The nano-wire and plate are considered as perfect con-
ductors. For a conductive cylinder with infinite length, the
electrical energy per unit length is [34]
Eelec = 1
2
C(D)V 2 = πε0V
2
arccosh
(
1 + DR
) (23)
where V and ε0 are the applied voltage and the vacuum per-
mittivity.Hence, the electrical attraction per unit length, felec,
will be obtained by [35]
felec = dEelec
dD
= πε0V
2
√
D(D + 2R)arccosh2 (1 + DR ) (24)
Note that by applying DC voltage, the nano-wire deflects
and the gap between the wire and the substrate reduces to
D − w. Hence, by considering D ± R ≈ D, the electrical
attraction per unit length of the deflected nano-wire is sim-
plified as
felec ≈ πε0V
2
(D − w)arccosh2 ( D−wR ) ≈
πε0V 2
(D − w) ln2 (2 D−wR )
(25)
Nano-tweezers
The nano-wires are considered as perfect cylindrical con-
ductors.Hence, the electrical energyper unit length that given
by [34]
Eelec = 1
2
C(D)V 2 = πε0V
2
ln
[
1 + DR +
√(
1 + DR
)2 − 1
] (26)
Hence, the electrostatic force per unit length is determined
by [36]
felec = dEelec
dD
= πε0V
2
√
D(D + 2R) ln2
(
1 + DR + DR
√
1 + 2RD
) (27)
In a similar deduction to NEMS, by applying the DC volt-
age on the nano-structure, the moveable arms will deflect to
one another to reduce the gap from D to D − w1 − w2. By
assuming the identical geometry of the arms, the displace-
ments of w1, w2 will be the same (w1 = w2 = w). Hence,
by replacing D with D−2w in relation (27) and considering
that (R) is much less than the distance between the wires, we
have:
felec ≈ πε0V
2
(D − 2w) ln2 (2 D−2wR ) (28)
2.3.2 Intermolecular Attraction
A very simple model for describing the vdW force between
bodies is the Lennard-Jones potential [37]. Ke and Espinosa
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have presented a continuum model to evaluate the attractive
intermolecular energy by volume integral of Lennard-Jones
potential [38].
Nano-switch
For the nano-wire suspended over the half-space, by inte-
grating over two volumes and assuming (R < D) the
Lennard-Jones potential per unite length can be calculated
as
Evdw = −π
2C1,2ρ1ρ2R
3D3
= − A¯R
2
3D3
(29)
where A¯, which is in the range of 0.4−4 × 10−19 J, is the
Hamaker constant [39]. Now the vdW force per unit length,
fvdW, is determined as:
fvdW = dEvdW
dD
= A¯R
2
D4
(30)
Note that by deflecting the nano-switch the initial gap
between moveable nano-wire and fixed ground reduces from
D to D − w, and therefore, the vdW force can be explained
for deflected nano-wire as follows
fvdW = A¯R
2
(D − w)4 . (31)
Nano-tweezers
For two nano-wires suspended over the space with the
distance of D, by integrating over two volumes and assuming
(R < D), the Lennard-Jones potential can be calculated as
Evdw = − A¯
√
R
24D3/2
(32)
Now the intermolecular force per unit length, fvdW, is
determined as
fvdW = dEvdW
dD
= A¯
√
R
16D5/2
(33)
By deflecting the nano-wires, their in-between distance
reduces from g to D − w1 − w. By assuming the identical
geometry of the arms, the displacements of w1, w2 will be
the same (w1 = w2 = w). Hence, the vdW attraction is
obtained from Eq. (33) by replacing g with D − 2w
fvdW = A¯
√
R
16(D − 2w)5/2 (34)
2.4 Kinetic Energy and Damping Loss
The kinetic energy of nano-wire is determined as:
T = 1
2
∫ L
o
∫
A
ρ
(
∂w(x, t
∂t
)2
dAdx = 1
2
∫ L
0
ρ
(
∂w(x, t
∂t
)2
dx
(35)
And finally the virtual work Wd performed by damping
effects can be expressed as:
Wd =
∫ L
0
∫ w
0
(cs + c f )∂w(x, t)
∂t
dwdx (36)
where cs is the structural damping coefficient and c f is the
gas damping coefficient that is obtained by calculating the
drag force of a nano-wire and can be explained as [40].
cs = 4πμ f
log(4/St∗) − γ + 0.5 + cKn (37a)
For systems operated at low Stokes numbers, the slip flow
regime is dominant and
c f = 4πμ f
(
St
2
) 1
2
(37b)
For systems operated at high Stokes numbers, the no-slip
flow regime should be considered. In the above equations, St
is the Stokes number, μf is the flow viscosity, St∗ = Rυ ∂w∂t ,
γ = 0.5572 is Euler’s constant, υ is the gas kinematic vis-
cosity, c ≈ 1.8 is a coefficient andKn is theKnudsen number.
2.5 Hamilton Principle
The Hamilton principle is imposed to determine the consti-
tutive equation of the structures,
∫ t2
t1
(δT − δWd − δUB − δUS + δWext) dt = 0 (38)
Substituting Eqs. (14), (20), (22), (35) and (36) into (38)
and some mathematical elaboration, one obtains:
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∫ t2
t1
∫ L
0
⎡
⎢⎢⎢⎢⎢⎢⎣
(
EI + 4μAl2 + E0 I0 + 12τ0 I0
)
∂4w
∂x4
− (τ0S0 + 12τ0C0) ∂2w∂x2 − 32 (EA + E0C0) ∂2w∂x2
(
∂w
∂x
)2
+ 32 (EI∗ + E0 I ∗0 ) ∂
4w
∂x4
(
∂2w
∂x2
)2 + 3(EI∗ + E0 I ∗0 ) ∂2w∂x2
(
∂3w
∂x3
)2 + 12 (EI + E0 I0) ∂4w∂x4
(
∂2w
∂x2
)2
+2(EI + E0 I0) ∂w∂x ∂
2w
∂x2
∂3w
∂x3
+ 12 (EI + E0 I0)
(
∂2w
∂x2
)3
ρA ∂
2w
∂t2
+ (cs + c f ) ∂w∂t − fext(x, t)
⎤
⎥⎥⎥⎥⎥⎥⎦
δwdxdt
+
∫ t2
t1
⎡
⎢⎣
(
τ0S0 + 12τ0C0
)
∂w
∂x δw − 12 (EI + E0 I0) ∂
3w
∂x3
(
∂w
∂x
)2
δw − (EI + 4μAl2 + E0 I0 + 12τ0 I0) ∂3w∂x3 δw
− 12 (EI + E0 I0) ∂w∂x
(
∂2w
∂x2
)2
δw + 12 (EA + E0C0)
(
∂w
∂x
)3
δw − 32 (EI∗ + E0 I ∗0 ) ∂
3w
∂x3
(
∂2w
∂x2
)2
δw
⎤
⎥⎦
L
0
dt (39)
+
∫ t2
t1
⎡
⎢⎢⎣
1
2 (EI
∗ + E0 I ∗0 )
(
∂2w
∂x2
)3
δ
(
∂w
∂x
) + (EI + E0 I0) ∂2w∂x2
(
∂w
∂x
)2
δ
(
∂w
∂x
)
+
(
EI + 4μAl2 + E0 I0 + τ0 I02
)
∂2w
∂x2
δ
(
∂w
∂x
)
⎤
⎥⎥⎦
L
0
dt +
∫ L
0
[
ρA
∂w
∂t
δw
]t2
t1
dX = 0
The above equation reveals that each term must be zero.
Therefore, by ignoring the higher-order terms the nonlinear
governing equation of the system is obtained:
ρA
∂2w
∂t2
+ (cs + c f )∂w
∂t
+πR2
(
1
4
ER2 + 4μl2 + E0R + 1
2
τ0R
)
∂4w
∂x4
−
(
τ0S0 + 1
2
τ0C0
)
∂2w
∂x2
= fext(x, t) (40)
and the boundary conditions are:
(
τ0S0 + 1
2
τ0C0
)
∂w
∂x
−π R2
(
1
4
ER2 + 4μl2 + E0R + 1
2
τ0R
)
∂3w
∂x3
∣∣∣∣
X=0,L
= 0 or
δw|X=0,L = 0
π R2
(
1
4
ER2 + 4μl2 + E0R + 1
2
τ0R
)
∂2w
∂x2
∣∣∣∣
X=0,L
= 0 or
δ
(
∂w
∂x
)∣∣∣∣
X=0,L
= 0 (41)
2.6 Dimensionless Governing Equation
For cylindrical nano-wires with circular section, we have
I = π R
4
4
, I0 = π R3, S0 = 4π R, C0 = 2π R (42)
Therefore, the governing equation of a nano-wire is
obtained as:
ρ πR2
∂2w
∂t2
+ (cs + c f )∂w
∂t
+ πR2
(
1
4
R2E + 4μl2+RE0 + 1
2
Rτ0
)
∂4w
∂x4
− 5πRτ0 ∂
2w
∂x2
= felec(x, t) + fvdW(x, t) (43a)
w(0) = ∂w
∂x
(0) = ∂
2w
∂x2
(L) = 0 (43b)
5π Rτ0
∂w
∂x
(L) − π R2
(
1
4
ER2 + 4μl2
+ E0R + 1
2
τ0R
)
∂3w
∂x3
(L) = 0 (43c)
The obtained governing equation and boundary conditions
become dimensionless using relations (44):
X = x
L
, (44a)
W = w
D
, (44b)
k = D
R
, (44c)
τ =
√
E
ρ
R2t
2L2
(44d)
δ = 16μl
2
R2E
(44e)
ξ = 20τ0L
2
R3E
(44f)
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β2 =
⎧⎨
⎩
4ε0V 2L4
ER4D2
Nano-switch
8ε0V 2L4
ER4D2
Nanotweezers
, (44g)
η =
⎧⎨
⎩
4 A¯L4
πR2ED5
Nano-switch
A¯
√
RL4
2πR4ED7/2
Nanotweezers
, (44h)
cˆs = 2cd L
2
π R3
√
ρE
(44i)
cˆ f = 2c f L
2
π R3
√
ρE
(44j)
e0 = 4E0
ER
(44k)
Using (44), the general dimensionless equation is obtained
as follows:
∂2W
∂τ 2
+ (cˆs + cˆ f )∂W
∂τ
+ (1 + e0 + δ) ∂
4W
∂x4
− ξ ∂
2W
∂x2
=
⎧⎨
⎩
β2
(1−W )ln2(2k(1−W )) +
η
(1−W )4 Nano-switch
β2
2(1−2W )ln2(2k(1−2W )) +
η
2(1−2W )5/2 Nanotweezers
(45a)
With the following B.C.:
W (0) = ∂W
∂x
(0) = 0 (45b)
∂2W
∂X2
(1) = (1 + e0 + δ)∂
3W
∂X3
(1) − ξ ∂W
∂X
(1) = 0 (45c)
3 Solution
In order to solve Eq. (45), the displacement is expressed as
a summation of independent functions ϕi (x):
W (x) =
n∑
i=1
qiϕi (X) (46a)
in the case of static problem and;
W (x, τ ) =
n∑
i=1
qi (τ )ϕi (X) (46b)
in the case of dynamic problem, where the index i indicates
the number of modes incorporated in the summation. The
mode shapes of the nano-beam are selected as basic func-
tions. The mode shapes of cantilever nano-beams can be
expressed as:
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Fig. 2 Static deflections of the nano-switch for different values of β
from zero to pull-in voltage
ϕi (X) = −ω
2
i cos (ωi ) + λ2i cos h (λi )
ω2i sin (ωi ) + λ2i sin h (λi )
×
(
sin (ωi X) − ωi
λi
sin h (λi X)
)
+ cos (ωi X)
− cos h (λi X) (47)
where ξi and λi are the i th roots of characteristic equation
of cantilever beam which depends on the size and surface
parameters.
By imposing Taylor expansion on force terms and substi-
tuting (46) in (45) afterward, following by multiplying the
equation by ϕi(x), and integrating from X = 0 to 1, the
following system of algebraic equation is obtained:
(1 + δ + e0) ω4i qi − ξ
∫ 1
0
⎛
⎝ϕi
N∑
j=1
q j
d2ϕ j
dX2
⎞
⎠ dX
−
∫ 1
0
ϕi
∞∑
k=0
Ak
⎛
⎝ N∑
j=1
q jϕ j
⎞
⎠
k
dX = 0, for i = 1, 2, . . . , N
(48a)
For static case and a system of ordinary differential equa-
tion for dynamic case as the following:
∫ 1
0
φiφidxq¨i + (cˆs + cˆ f )
∫ 1
0
φiφidxq˙i + (1 + δ + e0)
∫ 1
0
⎛
⎝φi
N∑
j=1
q j
d4φ j
dx4
⎞
⎠ dx
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Fig. 3 Dynamic behavior of nano-switch by neglecting size, surface
and damping effect for different values of β from zero to pull-in voltage,
a time history, b phase plane
− ξ
∫ 1
0
⎛
⎝φi
N∑
j=1
q j
d2φ j
dx2
⎞
⎠ dx −
∫ 1
0
φi
∞∑
k=0
Ak
⎛
⎝ N∑
j=1
q jφ j
⎞
⎠
k
dx = 0, f or i = 1, 2, . . . , N (48b)
where N is the number of considered terms of ROM and Ak
is defined as:
Ak =
⎧⎪⎪⎨
⎪⎪⎩
∂k
∂Wk
[
β2
(1−W )ln2(2k(1−W )) +
η
(1−W )4
]∣∣∣∣
W=0
Nano-switch
∂k
∂Wk
[
β2
2 (1 − 2W )ln2(2k(1 − 2W )) + η2(1−2W )5/2
]∣∣∣
W=0 Nanotweezers
(49)
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Fig. 4 Influence of surface energy on the pull-in voltage of nano-
switch (neglecting size effects) e0 = 0.1; η = 0.5; k = 50, a static,
b dynamic
The algebraic system of equations (for static case) and
system of ordinary differential equations (for dynamic case)
are solved to determine the ROM solution. The instability
parameters are determined via plotting the W−β graphs.
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Fig. 5 Influence of size effect force on the pull-in voltage of nano-
switch e0 = 0.1; ξ = 1; η = 0.5; k = 50
4 Results
4.1 Nano-switch
Figure 2 depicts the variation of static defection of nano-
switch when the voltage increases from zero to the instability
values. In this figure, the microstructure and surface energy
are neglected and the geometric parameter k is 50. This figure
reveals that the static deflection of the switch increases by
enhancing the applied voltage.
The time history and phase plane of the nano-switch for
different voltages are shown in Fig. 3. This figure implies
that maximum amplitude of the wire tip deflection increases
by enhancing the DC voltage. If the DC voltage exceeds its
critical value, βPI, then the tip deflection increases rapidly
and instability occurs. Figure 3 reveals that the phase plane
has two fixed points; the stable center point and the unstable
saddle node. The homoclinic orbit originates from the unsta-
ble branch saddle node and returns to it with the stable one.
Beyond the unstable saddle node, the nano-beam collapses
onto the substrate and becomes structurally unstable.
The impact of the surface energy on the instability thresh-
old of nano-switch is presented in Fig. 4. This figure shows
that by increasing the surface residual stress parameter ξ ,
the instability voltage enhances. Figure 4 reveals the sur-
face stresseswith the assigned parameters induce a hardening
effect, i.e., increase the pull-in voltage. Furthermore, Fig. 4
shows that the presence of the vdW force decreases the pull-
in voltage of nano-switch.
The influences of themicrostructure-dependent size effect
on the static and dynamic pull-in voltage of nano-switch are
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Fig. 6 Influence of damping parameter on the dynamic behavior of
nano-switch e0 = 0.1; ξ = 1; η = 0.5; k = 50; δ = 1, a time history,
b phase plane
presented in Fig. 5. This figure reveals that an increase in
the size parameter (δ) results in enhancing the instability
voltage. Figure 5 demonstrates that the size effect induces
a hardening effect in the pull-in behavior of the nano-wire-
based switch. Furthermore, it is clear from this figure that the
dynamic instability voltage of nano-wire is smaller than the
static instability voltage as a result of inertia forces.
The impact of the damping on the dynamic response of the
nano-switch is illustrated in Fig. 6 for cˆs = 0.3; cˆ f = 0.3.
The obtained results show that the stable center equilib-
rium point becomes a stable focus point when the damping
parameter is taken into account. It is concluded that the nano-
wire exhibits convergent oscillations near the focus point in
the presence of the damping and periodically oscillates in
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Fig. 7 Static deflections of the nano-tweezers for different values of β
from zero to pull-in voltage
the absence of the damping. On the other hand, the second
equilibrium point is unstable saddle point for any values of
damping parameter. If the actuation voltage reaches the pull-
in value, the trajectorieswhich are attracted to the stable focus
due to the damping effect diverge and the nano-structure
becomes unstable.
4.2 Nano-tweezers
Figure 7 shows the variation of static defection of nano-
tweezerswhen the voltage enhances from zero to the instabil-
ity value. In this figure, the microstructure effect and surface
layer are neglected and the geometric parameter k is 50. The
figure implies that the static deflection of the nano-tweezers
increases by increasing the applied voltage.
The time history and phase plane of the nano-tweezers
for various voltage differences from zero to pull-in value is
shown in Fig. 8. As seen, the maximum amplitude of wire
tip increases by increasing the DC voltage. If the DC volt-
age exceeds its critical value, βP I , then the tip deflection
increases rapidly and instability occurs. Figure 8 reveals that
the phase plane has two fixed points; the stable center point
and the unstable saddle node. The homoclinic orbit originates
from the unstable branch saddle node and returns to it with
the stable one. Beyond the unstable saddle node, the nano-
beam collapses onto the substrate and becomes structurally
unstable.
The influences of surface energy on the pull-in thresh-
old of the nano-tweezers are presented in Fig. 9. This figure
shows that by increasing the surface residual stress parame-
(a)
0 2 4 6 8 10
0
0.2
0.4
0.6
0.8
1
β=2
β=4
β=6
βPI=6.332
β=6.333
β=6.4
W(X=1)
τ
(b)
0 0.2 0.4 0.6 0.8 1 1.2
-1.2
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
β=2
β=4
β=6
βPI=6.332
β=6.333
β=6.4
N
on
-d
im
en
si
on
al
ve
lo
ci
ty
Non-dimensional amplitude
Fig. 8 Dynamic behavior of nano-tweezers by neglecting size, surface
and damping effect for different values of β from zero to pull-in voltage,
a time history, b phase plane
ter ξ , the pull-in voltage enhances. Figure 9 reveals that the
surface stresses with the assigned parameters induce a hard-
ening effect, i.e., increase the pull-in voltage. Furthermore,
Fig. 9 shows that the vdW forces decrease the pull-in voltage
of the nano-tweezers.
The influence of the size effect on the pull-in threshold
of the nano-tweezers is shown in Fig. 10. This figure reveals
that an increase in the size parameter (δ) results in elevating
the instability voltage. Figure 10 demonstrates that the size
effect induces a hardening effect in the pull-in behavior of
the nano-wire-based tweezers. Furthermore, it is clear from
this figure that the dynamic instability voltage of nano-wire
is smaller than the static instability voltage as a result of the
inertia.
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Fig. 9 Influence of surface energy on the pull-in voltage of nano-
tweezers (neglecting size effects) e0 = 0.1; η = 0.5; k = 50, a static,
b dynamic
The influence of the damping on the dynamic behav-
ior of vibrating nano-tweezers is illustrated in Fig. 11 for
cˆs = 0.3; cˆ f = 0.3. The obtained results show that the sta-
ble center equilibrium point becomes a stable focus point
when the damping parameter is taken into account. It is
found that the nano-tweezers exhibit convergent oscillations
near the focus point in the presence of the flow damping and
periodically oscillate in the absence of the damping. On the
other hand, the second equilibrium point is unstable saddle
point for any values of damping parameter. When the actua-
tion voltage reaches the instability threshold, the trajectories
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Fig. 10 Influence of size effect on the pull-in voltage of nano-tweezers
e0 = 0.1; ξ = 1; η = 0.5; k = 50
which are attracted to the stable focus due to the damping
effect diverge and the nano-structure becomes unstable.
4.3 Validation
In order to validate the presented model, the nonlinear gov-
erning differential equation in the static case is solved, and
the obtained results are compared with those of refs. [31,41].
In ref. [31], the instability voltage of carbon nano-wire nano-
tweezers with a 6.9μm initial gap, length of 19.6μm and
150nm wire radius was determined experimentally. Fig-
ure 12a depicts the SEM image of ultra-small tweezers
fabricated from nano-wires. A chemical vapor deposition
(CVD) system has been used for fabrication. In the fabrica-
tion process, the precursors ejected from the nozzles located
next to the ion beam nozzle locally increase the pressure on
a specific spot and chemically react with Ga+ ions such that
physical deposition is gradually performed. The ion beam
used for the nano-tweezers fabrication is 8.3pA in current,
13nm in diameter and 0.5μm in dwell time. Phenanthrene
vapor gas was used as deposition source material, and the
length of the nano-wire is controlled by changing the dwell
time and ion beam current in the fabrication machine. A spot
beam irradiation has been used for the fabrication process.
The tweezing motion was captured using an optical micro-
scope with 1000× magnification. This case was also studied
in ref. [41] numerically. As shown in Fig. 12b, the experi-
mental measurements are slightly different from the ROM
and numerical values were obtained by the classic contin-
uum model. However, with the presented size-dependent
model and considering the material length scale parameter
l = r/20, one can find excellent consistency between them.
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Fig. 11 Influence of damping parameter on the dynamic behavior of
nano-tweezers e0 = 0.1; ξ = 1; η = 0.5; k = 50; δ = 1, a time
history, b phase plane
It confirms that the proposed approach is reliable for inves-
tigating device stability.
5 Conclusions
The influences of surface energy and microstructure on
the static and dynamic pull-in threshold of the nano-wire-
fabricated nano-switch and nano-tweezers were modeled
incorporating the presence of vdW force and flow damping.
The governing equation was solved using analytical reduced
order method (ROM). The obtained results revealed that:
• The dynamic pull-in voltage of nano-beam is lower than
static pull-in voltage as a result of the inertia.
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Fig. 12 a SEM image of nano-wire-based nano-tweezers [31], b com-
parison between the present model, experimental [31] and numerical
results [41] for instability voltage
• The surface layer with the assigned parameters induces
a hardening effect, i.e., increases the pull-in voltage.
• Themicrostructure effect enhances the pull-in voltage of
the nano-structures.
• The vdW force reduces the instability voltage of the
nano-structures.
• When the gas damping effect is included in the simula-
tions, the stable center point becomes the stable focus
point.
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